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Equations for the rate of turbulent deposition of aerosol particles in vertical tubes are suggested. It is noted
that the rate of deposition of particles is determined by the gravitation component and turbulent diffusion. The
thickness of the layer of depositions and its influence on the basic characteristics of a turbulent flow are de-
termined. The results obtained are compared with available experimental values of the rate of deposition of
particles in vertical tubes.
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Introduction. Deposition of aerosol particles from a turbulent flow occurs in practice in the course of cleaning
and separation of suspensions, in heat exchangers, in the tubes of tube furnaces, in conveying pipes, as well as in in-
dustrial processes (chimneys, gas vents) and in a number of engineering applications. At present, deposition of particles
in horizontal channels has been investigated experimentally and theoretically in many works [1–7], where it has been
noted that the rate of deposition of particles in horizontal channels is mainly influenced by the gravitation component
of their velocity. Moreover, as experimental [3] and theoretical [5] investigations show, a layer deposited in horizontal
channels is nonsymmetric over the tube section, and the rate of its deposition can be described by the equation

Vh = Vs 
⎛
⎜
⎝
1 − α sin

2
 
ϕ
2
⎞
⎟
⎠
 , (1)

where Vs = Vg + U ′ is the overall rate of gravitational deposition and of turbulent transfer of particles. In [4], as a
basic parameter for calculating the rate of deposition the mass flux of particles related to the unit surface of a tube
J(ϕ) is considered. It is defined as

J (ϕ) = K0 [1 + 10 exp (2 cos ϕ − 1)] . (2)

In [6, 7], stochastic modeling of the processes of deposition of liquid droplets in horizontal channels is carried out, as
well as a comparison of the results of calculations with corresponding experimental data.

The theoretical and experimental studies of deposition of aerosol particles on the surface of vertical tubes
were the objectives of works [3, 8–13], where many empirical formulas for calculating the rate of deposition were pre-
sented. In [3, 10, 11], experimental investigations of the deposition of particles and of the influence of their dimen-
sions, resistance coefficient, and velocity of a turbulent flow on the rate of deposition are considered.

Despite the seeming simplicity, the motion of particles in a turbulent flow with their deposition represents an
extremely complex problem from the viewpoint of studying the influence of turbulence and of the dimensions and ge-
ometry of particles on the rate of their deposition. With allowance for this fact, most interesting is the problem of
deposition of particles from an isotropic turbulent flow, the characteristics (specific dissipation energy, turbulence scale)
of which can be estimated to an extent. It should be noted that a layer deposited in horizontal tubes as a result of the
action of gravity forces is of nonsymmetric character (Fig. 1a), whereas in vertical tubes such a layer has a symmet-
rical profile over the tube cross section (Fig. 1b).
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The aim of the present work is a theoretical investigation and analysis of the processes of transfer of disperse
particles in an isotropic turbulent flow in a tube to its surface, calculation of the rate of their deposition in a tube, and
comparison of the results of calculations with experimental data.

Deposition in Vertical Tubes. Primarily we make the following assumptions: a) the concentration of particles
in a turbulent flow in a tube is such that their collisions, coagulation, and constrained precipitation are excluded, even
though the possibilities of the existence of these phenomena in such a flow are greater than in a laminar one; b) the
particles are spherical in shape and monodisperse; c) the dimensions of aerosol particles are of the order of a < 100 μm
for which the hydrodynamic resistance in the first approximation is expressed by the Stokes law, which is important in
determining the gravity component in Eq. (1) and the coefficient of molecular diffusion on turbulence decay. The rate
of the deposition of particles in an isotropic turbulent flow in a vertical tube is determined by the diffusion motion of
their mass to the channel surface. With allowance for the entrainment of particles in an isotropic turbulent flow by a
pulsing medium [3, 14], their coefficients of turbulent diffusion are defined as follows:

λ > λK ,   Dt � μp
2α1 (ελ)1

 ⁄ 3 λ , (3)

λ < λK ,   Dt � μp
2α2 

⎛
⎜
⎝

ε
νmed

⎞
⎟
⎠

1 ⁄ 2

 λ2
 , (4)

where λK = 
⎛
⎜
⎝

νmed
3

ε

⎞
⎟
⎠

1 ⁄ 4

 is the Kolmogorov scale of turbulence. Formula (3) relates to the region of turbulent pulsations

whose dimensions exceed the internal scale of turbulence λ > λK >> a, and their coefficient of turbulent diffusion Dt

turns out to be much higher than the molecular diffusion coefficient Dt >> Dmol. Naturally, in the case of absence of
the region of molecular diffusion, the transfer of aerosol particles is entirely determined by turbulent pulsations and
turbulent diffusion. In the region where λ < λK < a, the coefficient of turbulent diffusion decreases with the scale of
turbulent pulsations and, moreover, such values of λ can appear at which Dt < Dmol. The transfer of particles in the
region of viscous flow is determined by the value of the coefficient of molecular diffusion, where the influence of mo-
lecular diffusion and viscosity of the medium turns out to substantial. The calculation of the coefficients of turbulent
diffusion and their dependence on the flow velocity and on the rate of deposition in vertical and horizontal channels
are given in [15, 16]. Approximations of experimental data on the deposition of particles in vertical tubes make it pos-
sible to obtain various empirical expressions [3], among which the most popular is the formula

Vp = A0τ+
2
 ,   τ+ < 10 , (5)

where τ+ = τU∗ ⁄ νmed is the nondimensional relaxation time. The transfer of particles to the surface in vertical tubes
as a result of turbulent diffusion is described in the stationary approximation by the equation

Fig. 1. Profile of the deposition of particles on the inner surface of horizontal (a)
and vertical tubes (b).
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∂
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⎛
⎜
⎝
rDt 

∂c
∂r
⎞
⎟
⎠
 ,   r = 0 ,   c = c0 ,   

∂c
∂r

 = 0 . (6)

It should be noted that the distribution of the transverse velocity and of the coefficient of turbulent diffusion over the
tube cross section and formulas for their calculation are given in [16]. In the present work, for aerosol particles of
small dimensions the value of the transverse velocity component is defined in the form

Vr � 
Δr
τ

 = 
θLVm

τ
 , (7)

where θL = ∫ 
0

∞

RL(θ)dθ is the Lagrangian scale of turbulence, Δr = θLVm. Then, introducing the nondimensional variables

X = 
c − c0

c0
 ,   ρ = 

r

R

and taking into account Eq. (3), we transform Eq. (6) (α1 � 1) as

R
2 ⁄ 3θL

μp
2ε1 ⁄ 3

 
∂X

τ∂τ
 = ρ4 ⁄ 3 

∂2
X

∂ρ2 + 
7

3
 ρ1 ⁄ 3 

∂X

∂ρ
 ,   ρ = 0 ,   X = 0 ,   

∂X

∂ρ
 = 0 . (8)

The solution of Eq. (8) is possible by the method of the separation of variables by introducing the expression
X(τ, ρ) = ψ(τ)ϕ(ρ). As a result of the substitution of this expression into (8) we obtain two equations:

∂ψ

∂τ
 = − ν2τ 

μp
2ε1 ⁄ 3

R
2 ⁄ 3θL

 ψ ,   ψ = B1 exp 
⎡
⎢
⎣
− 
ν2

2
 
ε1 ⁄ 3

R
2 ⁄ 3θL

 μp
2τ2⎤

⎥
⎦
 , (9)

ρ4 ⁄ 3 
∂2ϕ
∂ρ2 + 

7

3
 ρ1 ⁄ 3 

∂ϕ
∂ρ

 + ν2ϕ = 0 . (10)

For the solution of Eq. (10) we introduce a new variable Z = 3
2ρ

2 ⁄ 3, as a result of which we have

Z
2
 
∂2ϕ
∂ρ2 + 

7

2
 Z 

∂ϕ
∂Z

 + 
3

2
 ν2

Zϕ = 0 . (11)

The solution of Eq. (11) is presented as

ϕ = Z
 −5 ⁄ 4

J5 ⁄ 2 (√⎯⎯6  νZ
1 ⁄ 2) , (12)

where J5 ⁄ 2(z) is the Bessel function of fractional order. The general solution of (8) subject to (9) and (12) is presented
in the form

X (r, t) = ∑ 
n = 0

∞

(− 1)n Bn 
⎛
⎜
⎝

R

r

⎞
⎟
⎠

5 ⁄ 6

 J5 ⁄ 2 
⎡
⎢
⎣
3.674νn 

⎛
⎜
⎝

r

R

⎞
⎟
⎠

1 ⁄ 3
⎤
⎥
⎦
 exp 

⎡
⎢
⎣
− 
νn

2

2
 
ε1 ⁄ 3

R
2 ⁄ 3θL

 μp
2τ2⎤

⎥
⎦
 , (13)

Here νn are the positive roots of the equation J5 ⁄ 2(3.674νn) = 0 or ν0 = 0; ν1 = 1.498, ν2 = 2.588, etc.
The flux of particles per unit surface in a unit time is defined as
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J = Dt 
∂c

∂r

⎪
⎪
⎪r=R

 = c0 (εR)1
 ⁄ 3 ∑ 

n=0

∞

(− 1)n Kn exp 
⎡
⎢
⎣
− 
νn

2

2
 
ε1 ⁄ 3

R
2 ⁄ 3θL

 μp
2τ2⎤

⎥
⎦
 , (14)

where Kn = 0.74BnνnJ2 ⁄ 3(3.674νn) are the coefficients of the series.
We will determine the rate of deposition of particles on a vertical surface in the form

Vp = 
J

c0

 = (εR)1
 ⁄ 3 ∑ 

n=0

∞

(− 1)n Kn exp 
⎡
⎢
⎣
− 
νn

2

2
 
ε1 ⁄ 3

R
2 ⁄ 3θL

 μp
2τ2⎤

⎥
⎦
 . (15)

Since the series converges rapidly, it is sufficient to consider the first terms of Eq. (15), as a result of which
we have

Vp � K1 (εR)1
 ⁄ 3 [b0 − exp (mμp

2τ2)] , (16)

where m = ⎛⎜
⎝

ε
R2θL

⎞
⎟
⎠

1 ⁄ 3

. Introducing the nondimensional parameters Vt = 
Vp

U∗
 and τ+ = 

τU∗
2

νmed
 into Eq. (16), we obtain

Vt = A [b0 − exp (− m0μp
2τ+

2)] , (17)

where b0 = 
K0

K1
; m = 1.12

⎛
⎜
⎝

ε

R2
⎞
⎟
⎠

1 ⁄ 3
νmed

2

U∗
4θL

; A = K1
⎛
⎜
⎝

⎜
⎜

(εR)1
 ⁄ 3

U∗

⎞
⎟
⎠

⎟
⎟
; U∗ = 

0.2Vm

Re1 ⁄ 8
 is the dynamic velocity of the flow.

Using experimental investigations [3, 10–13] devoted to the deposition of aerosol particles from a turbulent
gas flow, we estimate the coefficients entering into Eq. (17): A = 0.2, b0 � 1, and m0 = 0.004. Figure 2 presents a
comparison of experimental data on the rate of deposition with its values calculated from Eq. (17). It is seen from the
calculated and experimental data that the relative rate of deposition of particles is established at μp

2τ+ ≥ 16.6 (in Fig. 2
this is shown by the dashed line) and is defined as

Vt � K1 
(εR)1

 ⁄ 3

U∗
 = 0.2 . (18)

Fig. 2. Comparison of the calculated values of the nondimensional rate of
deposition of aerosol particles (17) with experimental data: 1) [10]; 2) [11]; 3)
[12]; 4) [13].
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If we assume that the specific energy of dissipation of particles in tubes is defined as ε = f(Re)
Vm

3

2R  [17] and the fric-

tion coefficient as f(Re) = 0.3164
Re1 ⁄ 4

 (2⋅103 ≤ Re ≤ 105), then Eq. (18) is presented in the form

Vp = α 
Vm

Re
1 ⁄ 2

 , (19)

where α = 0.54K1; Re = 
2RVm
νmed

 is the Reynolds number for the flow.

If b0 � 1 and μmed
2 τ+

2 << 1 (for particles of small size), then we can write the linear dependence of the dimen-
sional rate of deposition of particles on the relaxation time in the form

Vt = A0μp
2τ+

2
 ,

which coincides with Eq. (5).
The deposition of particles in vertical tubes with a turbulent liquid flow, provided that λ < λK < a, is influ-

enced substantially by viscosity and diffusion. With the aid of Eqs. (4) and (6) the transfer of particles in a liquid me-
dium is described as

1

μp
2 
⎛
⎜
⎝

νmed

ε

⎞
⎟
⎠

1 ⁄ 2

 
θL

τ
 
∂X

∂τ
 = ρ2

 
∂2

X

∂ρ2 + 3ρ 
∂X

∂ρ
 . (20)

The solution of this equation by the method of separation of variables is presented in the form

X (r, t) = ∑ 
n=0

∞

(− 1)n Bn 
⎛
⎜
⎝

r

R
⎞
⎟
⎠

ϑn

 exp 
⎡
⎢
⎣

⎢
⎢
− 

μn
2

2θL
 
⎛
⎜
⎝

ε
νmed

⎞
⎟
⎠

1 ⁄ 2

 μp
2τ2

⎤
⎥
⎦

⎥
⎥
 , (21)

where ϑn = −1 � √⎯⎯⎯⎯⎯1 − μn
2 . The flux of particles onto a vertical surface in a unit time is defined as

J = c0 
⎛
⎜
⎝

ε
νmed

⎞
⎟
⎠

1 ⁄ 2

 R ∑ 
n=0

∞

(− 1)n Kn exp 
⎡
⎢
⎣

⎢
⎢
− 

μn
2

2θL
 
⎛
⎜
⎝

ε
νmed

⎞
⎟
⎠

1 ⁄ 2

 μp
2τ2

⎤
⎥
⎦

⎥
⎥
 , (22)

where Kn = Bnϑ. Limiting ourselves only to the first terms of the series (21) or (22), the rate of deposition of parti-
cles on a vertical surface is defined in the form

Vp = 
J
c0

 � K1 
⎛
⎜
⎝

εR2

νmed

⎞
⎟
⎠

1 ⁄ 2

 (b0 − exp (− m1μp
2τ2)) (23)

or in a nondimensional form we can write

Vt = A (b0 − exp (− m0μp
2τ+

2)) , (24)

where A = K1
⎛
⎜
⎝

ε

νmed

⎞
⎟
⎠

1 ⁄ 2
R
U∗

; m0 = 
μ1

2

2θLU∗
4(ενmed

3 )1 ⁄ 2.
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It follows from Eqs. (23) and (24) that the rate of deposition of particles from a liquid medium for the indi-
cated region on a vertical surface, apart from other parameters, is inversely proportional to the viscosity of the medium
νmed

1 ⁄ 2 .
The rate of deposition of particles when λ < λK < a and at a large relaxation time μp

2τ+
2 >> 1, subject to the

above-given expressions for the specific energy of dissipation and the resistance coefficient in tubes, can be defined by
a simpler expression:

Vt = α0VmRe
3 ⁄ 8 , (25)

which coincides with many empirical equations for calculating the rate of turbulent deposition of particles [3].
Estimation of the Thickness of Depositions. As a result of the deposition of particles on the surface of ver-

tical tubes, a layer of certain thickness δ is formed, which is symmetric over the cross section (see Fig. 1). The for-
mation of a stable layer of particles on the surface is determined by the character of the surfaces of tubes (roughness),
adhesion compatibility, and the properties of the particles themselves, as well as by the separation and entreatment of
particles from the layer surface. The thickness of the deposited layer can be determined from the equation

dm
dt

 = JS , (26)

where S is the inner surface of the layer. Assuming that the separation and entrainment of particles from the surface
is the process reciprocal to their deposition, a change in the layer thickness, subject to (24), can be determined from
the equation

dδ
dt

 = γ (δ∞ − δ) , (27)

where γ = α1
⎛
⎜
⎝

ε

R2
⎞
⎟
⎠

1 ⁄ 3c0
ρp

; δ∞ is the steady-state value of the layer thickness. Expressing the energy of dissipation in

tubes as ε = f(Re)
Vm

3

2R , we obtain that γ = α1
Vmc0
Rρp

, where α1 = α0
⎛
⎜
⎝

f(Re)
2

⎞
⎟
⎠

1 ⁄ 3

 is the coefficient dependent on the Re

number. Then the solution of Eq. (25) can be presented in the form

δ (t) = δ∞ [1 − exp (− m1t)] , (28)

Fig. 3. Change in the thickness of the deposited layer of particles at different
flow velocities: 1) 0.5 ; 2) 1.0; 3) 2.0 m ⁄ h. t, h.
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where m1 = α1
Vmc0
Rρp

. The value of the steady-state thickness of deposition δ∞ depends on the flow velocity or on the

Re number, the properties and dimensions of particles, and on many other parameters. Figure 3 presents a comparison
of the values of the layer thickness calculated from Eq. (28) with experimental data [18] in the case of deposition of
various impurities in the horizontal tubes of heat exchangers. According to these experimental data, the steady-state
thickness of the layer can be determined as

δ∞ = 7.6⋅10
−4

Vm
 −0.466

 ,   m1 = 1.05⋅10
−2

Vm
 0.25

 .

These expressions are valid for  Re = 1.5⋅104–6.5⋅104 and are typical of the particles with dimensions a ≤ 200 μm. It
should be noted that in deposition of particles from a liquid medium the value of the coefficient m1 depends also on
viscosity and temperature. The presence of a large number of parameters that influence the deposition of particles is
justified in practical calculations by the introduction of a certain empiricism into the calculation of the thickness of
depositions.

Discussion of Results. It should be noted that for a steady turbulent flow the rate of deposition of particles
in vertical tubes for the region with λ > λK >> a characterized by a developed turbulent flow is proportional to the dis-

sipation energy Vp � (εR)1 ⁄ 3 and is independent of the medium viscosity. For the region with λ < λK < a characterized

by a viscous flow, at high values of μp
2τ+ > 16.6 the rate of deposition is inversely proportional to the square root of

the medium viscosity Vp � 
⎛
⎜
⎝

R2ε
νmed

⎞
⎟
⎠

1 ⁄ 3

. The concentration of particles in a flow, their dimensions, and the thickness of

the deposited layer substantially influence the hydrodynamic stability of the flow. While for a laminar flow the forma-
tion, on the inner tube surface, of a layer of particles of a certain thickness leads to hydrodynamic instability of the

flow (Vm = Vm0β
−2), for a turbulent flow it is responsible for the decay of the turbulence intensity (I = I0β

1 ⁄ 4), in-

crease in the dissipation energy (ε = ε0β
−6.25), and decrease in the internal scale of turbulence (λ = λ0β

1.7) and leads

to a structural change of the turbulent boundary layer due to the formation of a rough surface [19, 20]. Here β =

1 − δR is the nondimensional parameter that characterizes the thickness of the deposited layer, and the subscript 0 refers

to a clean tube without depositions. A change in the character and structure of the flow as a result of deposition of
particles on the inner surfaces of tubes influences the phenomena of heat and mass transfer, manifesting themselves in

a change in the Peclet number Pe = Pe0β
−1 and correspondingly in the coefficients of heat transfer, mass transfer, and

resistance [19], which determines the efficiency of the use of the given apparatuses.
In the general case, the deposition of particles on the surfaces of tubes at their large concentration in a flow

is determined by the effects of their interaction, collision, coagulation, and crushing, as a result of which a disperse
system is always a polydisperse one, for which the calculation of the average size of particles is connected with the
determination of the evolution of the size and time distribution function. The phenomena of coagulation, crushing, and
deformation of particles connected with the change in their sizes and shapes exert a significant influence on the resis-
tance coefficient [21], which is important in determining the gravitation component Vg in Eq. (1) and the degree of
the entrainment of particles by a pulsing medium μp

2 and differently influence the rate of constrained deposition in
horizontal and vertical tubes.

In an isotropic turbulent flow, the phenomena of coagulation and crushing of liquid particles depend on their
maximum and minimum sizes, which determine the threshold of their aggregation stability [22, 23].

In vertical tubes, the polydispersity of particles is responsible for their lamination with height [24], thereby
changing the rate of their deposition. In a turbulent flow, the sizes of particles exert a substantial influence on the time
of relaxation τ, and since the degree of entrainment of particles by a pulsing medium μp � τ−1 ⁄ 2 [3], the rate of depo-
sition of particles decreases with increase in τ and in the viscosity of the medium.

914



Conclusions. The results of the investigations carried out have shown that the deposition of particles in ver-
tical channels depends significantly on the turbulent-flow structure, sizes of particles, and on their concentration. The
relationship between the characteristics of a turbulent flow and sizes of particles determines the region of interaction
between a turbulent flow and aerosol particles and the mechanisms of their deposition. At the same time, the deposited
layer of particles exerts the reverse effect on the character of flow, manifesting itself in the decay of the intensity of
turbulence and hydrodynamic instability of a laminar flow, as a change in the energy of dissipation and in the scale
of turbulence. With allowance for these conditions, various expressions are suggested for the rate of deposition (17)
and (24) and a formula for determining the thickness of depositions. A comparison of the indicated formulas with the
available experimental data shows their satisfactory correspondence.

NOTATION

a, size of particles, μm; A0, empirical coefficient in Eq. (5); B, coefficients of a series; c, concentration of
particles, kg ⁄ m3; c0, initial concentration of particles, kg ⁄ m3; Dt, coefficient of turbulent diffusion of particles, m2 ⁄ s;
Dmol, coefficient of molecular diffusion, m2 ⁄ s; f(Re), resistance coefficient in tubes; J, mass flux of particles related to
unit surface in a unit time, kg ⁄ (m2⋅s); I, intensity of a turbulent flow; K0, empirical coefficient determined by experi-
mental data; Kn, coefficients of a series; m, mass of a deposited layer of particles, kg; n, ordinal number of the terms
of the series; Pe, Peclet number; r, radial coordinate, m; RL, Lagrangian time coefficient of correlation; R, radius of a
tube, m; Re, Reynolds number; t, time, s; Vh, rate of deposition of particles in horizontal channels, m ⁄ s; Vg, gravita-
tional component of velocity, m ⁄ s; Vp, rate of turbulent deposition of particles, m ⁄ s; Vr, turbulent velocity of particles
in the radial direction, m ⁄ s; Vm, mean velocity of the turbulent flow in the tube section, m ⁄ s; Vt, nondimensional rate
of turbulent deposition of particles; U∗, dynamic flow velocity, m ⁄ s; U ′, turbulent-velocity component, m ⁄ s; α, coef-
ficient depending on turbulence characteristics; α1, α2, empirical constants; β, nondimensional thickness of depositions;
δ, thickness of the layer of depositions, m; ε, specific energy of dissipation in unit mass, m2 ⁄ s3; λ, turbulence scale,
m; μp

2, degree of entrainment of particles by a pulsing medium; νmed, viscosity of a medium, m2 ⁄ s; ν2, eigenvalues of
a boundary-value problem; ρp, density of a layer of particles, kg ⁄ m3; τ, relaxation time, s; ϕ, angle in tube section; ϕ,
ψ, new variables. Subscripts: 0, initial values; g, gravitation; h, horizontal; m, mean value; med, medium; mol, mo-
lecular; p, particle; t, turbulence; ∞, steady-state value.
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